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Abstract. In this paper, we consider a generalized Ricci flow with 
a given 3-from (it's not necessarily closed) and establish the higher 
derivatives estimates for compact manifolds. As an application, we 
prove the compactness theorem for this generalized Ricci flow. Our 
work can be viewed as an extension of J. Streets [8] in which he 
considered a generalized Ricci flow with a closed 3-form. 



The 2-dimensional nonlinear sigma model is a quantum field theory of 
maps X 1 from a 2-dimensional Riemannian manifold (S, h) to another 
Riemannian manifold (M,g). We let e be the volume element of S and 
let R(h) denote the scalar curvature of £ associated to metric h. Then 
the sigma model action is given by 



where (a 1 , a 2 ) are coordinates on E, a' is the constant, and gij,Bij = 
—Bji, and $ are the target space metric, 5-field, and dilaton respectively. 
The first order renormalization group (RG) flow [6] of this action with 
respect to a' is 
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where A is the Laplacian, Alb is the Laplace-Beltrami operator acting 
on the 3-from H := dB, and A is a constant. Under a family of diffeo- 
morphisms, the RG flow can be rewritten as 

~m ~ ~2 AlbH > 



-A + a'l ~A<$> + —\H 
dt \2 24 1 

Therefore the Ricci flow is derived by setting B — 0, i.e., Ricci flow is a 
RG flow with zero 5-field. 

This is the first of a series papers in which we study the Ricci flow with 
nonzero S-field, called the generalized Ricci flow (GRF). Here "general- 
ized" refers to the flow with a nonzero 3-form. 

Let (M, gij(x)) denote an n-dimensional compact Riemmannian man- 
ifold with a 3-form H = {Hijk}. In this paper we consider the following 
GRF on M: 

d 1 

(1.1) — gij (x,t) = -2R lJ (x,t) + -H m (x,t)H j kl (x,t), 

(1.2) ^H(x,t) = n g(Xtt) H(x,t), H(x,0) = H(x), g(x,0) = g(x). 

Here □ 9 ( a , t )Q is the Laplace-Beltrami operator associated to g(x,t). Fi- 
nally, we consider a kind of generalized Ricci flow including this case. 

We use the following definitions of curvatures. The Ricci curvature 
tensors, and scalar curvatures are given by 

(1.3) Rij = g kl Rikjh R — g lj Rij — g lj g kl Rikji 

respectively. For any two tensors T := {Tijki} and U := {Uijki} we define 
the inner product of T and U, 

(1.4) (T m , U m ) := g ta g^g k ^g l %kiU Q ^s, 
and then the norm of T is denoted by 

(1-5) \T\ 2 = \Tijki\ 2 := (T^m, Tijki) . 

We also denote by VTj k i the covariant derivatives of {Tyki} with respect 
to the metric g, and V m Tijki the m th covariant derivatives of {T^ki}. The 



1 From the definition, the exterior derivative d does no depend on the choice of 
metric however the dual operator d* depends on the metric. Hence we write \3 g t Xtt \ — 
— (dd* + d*d) to indicate that the Laplace-Beltrami opetator depends on the metric 
g(x,t). 
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Laplace operator of g is given by A g := g^VjVj. 

Throughout this paper we denote by C the universal constants de- 
pending only on the dimension of M or some other constants, which may 
take different values at different places. 

When H(x) is closed, we should consider a refined generalized Ricci 
flow (RGRF): 

d 1 

0^9ij{x,t) = -2R ij (x,t) + -H ikl (x,t)H j kl (x,t), 

d 

—H(x,t) = -d g ( Xtt) d* g{x>t) H(x,t), H(x,0) = H(x), g(x,0) = g(x). 

Here d*, xt s is the dual operator of d with respect to the metric g(x,t), 
and actually d ff ( x ,t) is the exterior derivative d itself. 

Lemma 1.1. Under RGRF , the 3-forms H(x,t) are closed if the initial 
value H(x) is closed. 

Proof. Since the exterior derivative d is independent of the metric, we 
have 

d d 

—dH(x,t) = d—H(x,t) = d(-d g(x>t )d* giXtt) H(x,t)) = 0. 

so dH(x, t) = dH(x) = 0. □ 

Proposition 1.2. If (g(x,t), H(x,t)) is a solution of RGRF and the 

initial value H(x) is closed, then it is also a solution o/GRF. 

Proof. From Lemma 1.1 and the assumption we know that H(x,t) are 
all closed. Hence D g{X:t) H(x,t) = -d g(x ^d* g{xt) H(x,t). □ 

First we prove the short-time existence of GRF. The short-time ex- 
istence for RGRF has been established in [5], moreover, the authors in 
[5] have also showed the short-time existence for a kind of generalized 
Ricci flow including our case. The proof presented here and the context 
of next section will be used in the forthcoming paper. 

Theorem 1.3. There is a unique solution to GRF for a short time. 
More precisely, let (M,gij(x)) be an n- dimensional compact Riemannian 
manifold with a 3-form H = {Hijk}, then there exists a constant T = 
T(n) > depending only on n such that the evolution system 

d 1 

Q^9ij(.x,t) = -2R ij (x,t) + -g kp (x,t)g lq (x,t)H ikl (x,t)H jpq (x,t), 

j t H{x,t) = n g{x , t) H(x,t), H(x,0) = H(x), g(x,0) = g(x), 
has a unique solution (gij(x, t), Hijk(x, t)) for a short time < t < T. 
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After establishing the local existence, we are able to prove the higher 
derivatives estimates for GRF. Precisely, we have the following theorem 

Theorem 1.4. Suppose that (g(x,t), H(x,t)) is a solution to GRF on 
a compact manifold M n and K is an arbitrary given positive constant. 
Then for each a > and each integer m > 1 there exists a constant C m 
depending on m, n, max{a, 1} 7 and K such that if 

\Rm(x,t)\ g ^ t) < K, \H(x)\ g{x) < K 

for all x G M and t G [0, then 

(1.6) iV^RmfoOU*,*) + |V m tf(x,t)|^ } < ^ 

for all x E M and t G (0, §]. 

As an application, we can prove the compactness theorem for GRF. 

Theorem 1.5. (Compactness for GRF) Let {(M k , g k (t), H k (t), O k )}ken 
be a sequence of complete pointed solutions to GRF for t G [a,cu) 3 
such that 

(i) there is a constant C < oo independent of k such that 

sup \Rm(g k (x,t))\ gk{X:t) < C , sup \H k (x,a)\ 9k{Xta) < C , 

(x,t)eM k x(a,w) xeM k 

(ii) there exists a constant to > satisfies 

in k(o)(°fc) > in- 
Then there exists a subsequence {j k }ken su ch that 

(M jk , g jk (t) , H jk (t) , lk ) — ^ (Moo, 9oo (t) , # oo (t) , Ooo) , 

converges to a complete pointed solution (M^, <?oo(t), H^t), O^), t G 
[a,cu) to GRF as k — > oo. 

The case of if closed is very important in physics. Recently, J. Streets 
[8] considered the connection Ricci flow in which H is the torsion of con- 
nection and proved all of the results. The authors in [7,8] have already 
proved the similar results for Ricci Yang-Mills flow. Using the similar 
method, the above results are easily extended to a kind of generalized 
Ricci flow introduced in [5]. We will discuss it in the last section. 

The rest of this paper is organized as follows. In Sec. 2, we prove the 
short-time existence and uniqueness of the GRF for any given 3-form 
H . In Sec. 3, we compute the evolution equations for the Levi-Civita 
connections, Riemann, Ricci, and scalar curvatures of a solution to the 
GRF. In Sec. 4, we establish higher derivative estimates for GRF, called 
Bernstein-Bando-Shi(BBS) derivative estimates(e.g., [1] or [2]). 
In Sec. 5, we prove the compactness theorem for GRF by using BBS esti- 
mates. In Sec. 6, based on the work of [5], we prove the higher derivatives 
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estimates and the compactness theorem for a kind of generalized Ricci 
flow. 
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2. Short-time existence 

In this section we establish the short-time existence for GRF. Our 
method is standard, that is, DeTurck trick which is used in Ricci flow to 
prove its short-time existence. We assume that M is an n- dimensional 
compact Riemannian manifold with metric 

(2.1) ds 1 ='g i j{x)dx l dx^ 

and with Riemannian curvature tensor {Rijki}- We also assume that 
H = {Hijk} is a fixed 3-form on M. In the following we put 

(2.2) := HikiHj kl . 
Suppose the metrics 

(2.3) dsl = -'gij{x,t)dx l dx^ 



2' 

are the solutions o^ 
d 

( 2 - 4 ) di^^ 1 = ~ 2R H\ X > f ) + h v ( x > *)> 0) = gij{x) 

for a short time < t < T. Consider a family of smooth diffeomorphisms 
(p t : M -> M(0 < t < T) of M. Let 

(2.5) ds] := ip* t ds 2 t1 0<t<T 

be the pull-back metrics of dsf . For coordinates system x = {x 1 , ■ ■ ■ , x n } 
on M, let 

(2.6) ds\ = gij{x,t)dx l dx^ 
and 

(2.7) y{x, t) = <p t (x) = {y\x, t), ■ ■ ■ , y n {x, t)}. 
Then we have 

dy a dy^ 

( 2 - 8 ) 9ij(x,t) = ——g aP (y,t). 



2 In the following computations we don't need to use the evolution equation for 
H(x,t), hence we only consider the evolution equation for metrics. 
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By the assumption g a p{x,t) are the solutions of 
d 

(2.9) —g al 3{x,t) = -2R al 3(x,t) + h a/ 3{x,t), g a /3{x, 0) = g a/3 {x). 

We use Rij, Rij, R^; F^, F^, F^; V, V, V; h^, to denote the Ricci 
curvatures, Christoffel symbols, covariant derivatives, and products of 
the 3- form H with respect to , g%j respectively. Then 

d . . dy a dy 13 ( d ^ . A d ( dy a \ dy^ . . 
dy a d (dy p \^ , , 

+ MM{-m) 9af,{v > t) - 

From (2.9) we have 

d ^ f; / \ t / \ 9g a n dy 1 

Q- t 9ap{y, t) = -2R a(3 (y, t) + h af) (y, t) + g ^ ^ , 

and 

9 , ,s dy a dy /3 B dy a dy /3 ~ 

dy a dy 13 dg a p dy 1 t d ( dy a \ dy 13 , 



+ dx i dxi dy-y dt + dx' \ dt ) dxi 9a ^ V ^ 
dy a d fdy?\^ . , 



dx i dxi \ dt 

Since 

dy a dyP ^ dy a dy^ ^ 

R ij( x > t) = Q-[-^j R ^(y, t), M^, t) = ——h af ,( y , *)> 

using the equation ([7], Sec. 2, (29)), we obtain 
d 

fo9ij(x, t) = -2Rij(x, t) + hij(x, t) 

According to DeTurck trick, we define y(x,t) = (fit(x) by the equation 

(2-11) ^ = ^^(^ " F U ^' )=^ 

then (2.10) becomes 
d 

-Qj_gij(x,t) = -2R i:j (x,t) + hij(x,t) 

(2.12) + ViVj + VjVi, g ij (x,0)=g ij (x) 

where 

(2-13) V,=g tk g^(F^-F^). 
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Lemma 2.1. The evolution equation (2.12) is a strictly parabolic system. 
Moreover, 

+ ^9 al3 9 m (^i9 Pa ■ Vj9 q /3 + 2V# jp • V q g i/3 - 2V a g jp ■ V ' p g iq 

- _ 1 

- 2Vjg pa ■ V p g iq - 2V^ pQ • V^g) + -g al3 g pq H iap H j/3q . 

Proof. It is an immediate consequence of Lemma 2.1 of [7]. □ 

Now we can prove the short-time existence of GRF. 

Theorem 2.2. There is a unique solution to GRF for a short time. 
More precisely, let (M,gij(x)) be an n- dimensional compact Riemannian 
manifold with a 3-form H = {Hij k }, then there exists a constant T = 
T{n) > depending only on n such that the evolution system 

d 1 

— gij(x,t) = -2R ij (x,t) + -g kp (x,t)g lq (x,t)H ikl (x,t)H jpq (x,t), 

^H(x,t) = n g{Xit) H(x,t), H(x,0)=H(x), g(x,0) = g(x), 
has a unique solution (gij(x, t), H^^x, t)) for a short time < t < T. 

Proof. We proved that the first evolution equation is strictly parabolic 
by Lemma 2.1. Form Bochler formula, we have n g ( Xjt )H = A g ( Xjt )H + 
Rm * H which is also strictly parabolic. Hence from the standard theory 
of parabolic systems, the evolution system has a unique solution. □ 

3. Evolution of curvatures 

The evolution equation for the Riemann curvature tensors to the usual 
Ricci flow (e.g., [1], [2], [3]) is given by 

d 

(3.1) -Q^Rijki = ^Rijki + i^ijH 

where 

i^ijki = 2{Bij ki — Biji k — B U j k + B ik ji) 

9 \RpjklRql RipklRqj RijplRqk RijkpRql) ; 

and Bij k i = g pr g qs R P i q jR rks i- From this we can easily deduce the evolu- 
tion equation for the Riemann curvature tensors to GRF. 

Let Vij(x,t) be any symmetric 2-tensor, we consider the flow 

d 

(3.2) —g ij (x,t)=v ij ( y x,t). 
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Then the evolution equation for Riemann curvature tensors is 
d X 

+ -^9 m {RijklVql + RijplVqk)- 

Applying to our case % := —2Rij + where hij = H ik iHj kl , we obtain 
d 



QjRijki = ~2 ^-2V i V fc i2 i , + ^ ViVfc/ij, + 2V i V l R jk - -ViVih jk 
+ 2V j V k R il - ^VjVfcfti, - 2V j V l R ik + ^VjVih ik 

+ 2^ (^Rijkp i^—2R q i + 2^9^ + ^»j'pi 2i? 9fc + 

= ViVfciJji - ViV,i2 jfc - VjV fc i2i, + Vj-VjiJifc 
— g pq (Rijk P Rqi + RijpiRqk) 

+ ^ [-ViVfc/ijj + ViVih jk + VjVkhu - VjVihit] 

+ ^fi f? " 3 [Rijkphql + Rijplhgk] 

= ARijki + 2 (Sjjfci — -Bjjife — -B^jfe + -BjfcjO 

g^ {RpjklRql R'ipklRqj ~\~ RijpiRqk ~\~ RijkpRql) 

+ ^ [-ViVfc/ijj + ViVih jk + VjVkhu - VjVj/ijfc] 

+ ^fi^ [Rijkphql + Rijplhgk] ■ 

Proposition 3.1. For GRF we /iave 

-Q^Rijki = ARijki + 2 (-ByM — .Br,-;*; — Bijjfc + -Bjfej/) 

9^i.RpjklRql RipklRqj ~\~ RijpiRqk RijkpRql) 

+ \ [-ViVkhji + V l V i h jk + Vj-Vfc/ii, - V.ViKk] 

+ ^5 ,W [Rijkphql + Rijplhgk] . 

In particular, 
Corollary 3.2. For GRF we /iaue 

8 2 
(3.3) — Rm = ARm + Rm * Rm + H*H* Rm + J^ * V 2 ~*# 

i=0 
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Proof. From above proposition, we obtain 
d 

— Rm = ARm + Rm * Rm + V 2 /i + h* Rm. 
at 

On the other hand, h = H * H and 

V 2 /i = V(V(if * #)) = V(VH *H) = V 2 H *H + VH* VH. 
Combining these terms, we yield the result. □ 
Proposition 3.3. For GRF we have 

d 

-R lk = AR lk + 2(R piqk ,R pq )-2(R pi ,R pk ) 

+ -^[{hlg, Rilkq) + (Rip, h kp )] 

+ \ [-V^ k \H\ 2 + /ViV,^ + g jl V j V k h il - A^ fc ] . 

Proof. Since 

9 (9 

^-Rifc = 9 jl -^Rijki + ^g jp g lq RijkiRpq-, 

and 

= g %3 E ipq E 3 pq = g^g pr g qs H ipq H jrs = \H ijk \ 2 : = |tf| 2 , 
it follows that 

^''[-ViVfc/iji + VjVj/ijfc + VjVkhu 

- VjVih lk + g pq h ql R i]kp + g pq h qk R ljpl ] 

= -ViV k \H\ 2 + g^ViVth^ + g jl VjV k h u 

- Ah tk + g ]l g pq h ql R ljkp + g pq h qk R tp . 

From these identities, we get the result. □ 

As a consequence, we obtain the evolution equation for scalar curva- 
ture. 

Proposition 3.4. For GRF we have 

d IX 1 

-R=AR+ 2\R\ 2 - -A\H\ 2 + -(%, + -g ik g jl ViV jh kl . 
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Proof. From the usual evolution equation for scalar curvature under the 
Ricci flow, we have 

d 1 

-QjR = AR + 2\R\ + -g l [{hi q , Rukq) + {R ip , h kp )] 

+ ]g lh [-V t V k \H\ 2 + ^''ViV,^ + gi'VjVkhu - Ah lk ] 



1,, „ . 1 



AR + 2\R\ 2 + -(hij, R^) + -(R ip , h 



"vpl 



- \a\H\ 2 + \g ik gi l ViV x hj k + \g ik g jl V jV k h a - ^A\H\ 2 . 
Simplifying the terms, we obtain the required result. □ 



4. Derivative estimates 

In this section we are going to prove BBS estimates. At first we review 
several basic identities of commutators [A, V] and [J^, V]. If A = A(t) is 

a ^-dependency tensor, and = Vij, then 

(4.1) —VA-V—A = A*Vv, V{AA)-A{VA) = VRm*A+Rm*VA 

Applying above formulas on GRF, we have 
d d 

— VRm = V— Rm + Rm* V(Rm + H * H) 
at ot 

= V(ARm + Rm * Rm + H * H * Rm 

+ V 2 H * H + VH *VH) 

+ Rm * VRm + H * VH * Rm 

= A (VRm) + Rm * VRm + H * VH * Rm 

+ H * H * VRm + H * V 3 H + VH * V 2 H 

= A(VRm) + V^Rm * V J Rm 

i+j=0 

+ ViR * VjR * V fc Rm 

i+j+k=0 

+ viH * viH - 

i+j=0+2 



More generally, we have 
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Proposition 4.1. For GRF and any nonnegative integer I we have 



Q 

— V'Rm = A(V z Rm) + ^ V'Rm * V j Rm 

i+j=i 

(4.2) + viR * vjR * V fc Rm 

i+j+k=i 

+ ^H*V j H. 

i+j=l+2 

Proof. For / = 1, we have proved before the proposition. Suppose that 
the formula holds for 1, • • • , /. By induction to I, for I + 1 we have 



|-V m Rm = |-V(VRm) 
dt dt v 1 

d 

= V— (VRm) + V'Rm* V(Rm + #*#) 
at 

= V ( A(V'Rm) + viRm * viRm 

V i+j=l 
i+j+k=l i+j=l+2 J 

+ V'Rm * VRm + H * VH * V l Rm 

= A(V m Rm) + VRm * V'Rm + Rm * V m Rm 

+ (V m Rm * V J Rm + V%n * V i+1 Rm) 

i+j=i 

+ Yl ( vi+lR * * V fc Rm 

i+j+k=i 

+ * V j+1 H * V fc Rm + V l H * V j H * V fe+1 Rm) 

+ (V i+1 H *V j H + V { H *V j+1 H) 

1+3=1+2 

+ H *VH *V'Rm. 
Simplifying these terms, we obtain the required result. □ 



As an immediate consequence, we have an evolution inequality for 
iV'Rml 2 . 
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Corollary 4.2. For GRF and any nonnegative integer I we have 
— I 

at 1 



d 

— iV'Rml 2 < AlV'Rml 2 - 2|V m Rm| 2 



+ C ' l viRm l • |V J Rm| • |V'Rm| 

i+j=i 

+ <-■■ E 



|V\ET| ■ 


■ \V j H\ ■ 


• |V fc Rm| • |V z Rm| 




■ \V j H\ ■ 


■ |V'Rm| 



(4.3) + E 

j+i=«+2 

where C are universal constants depending only on the dimension of M. 

Next we derive the evolution equations for the covariant derivatives of 
H. 

Proposition 4.3. For GRF and any positive integer I we have 
d 

(4.4) —V l H = A(V l H) + V*f/*V j Rm+ ^ V i H*V j H*V k H. 

i+j=l i+j+k=l 

Proof. From the Bochner formula, the evolution equation for H can be 
rewritten as 

d 

(4.5) —H = AH + Rm * H. 

at 

For I — 1, we have 

— V# = V—H + H*V(Rm + H*H) 
at at 

= V(AH + Rm * H) + H * VRm +H*H*VH 
= V(Aif ) + ff * VRm + VH *Rm + H * H *VH 
= A(VH) + VRm * H + VH *Rm + H * H * VH. 

Using (4.1) and the same argument, we can prove the evolution equation 
for higher covariant derivatives. □ 

Similarly, we have an evolution inequality for \V l H\ 2 . 

Corollary 4.4. For GRF and for any positive integer I we have 

(), V l H\ 2 < A\V l H\ 2 -2\V l+1 H\ 2 



dt 



+ c ■ Yl i v ^i ■ i viRm i • i v '^i 



i+j=i 

(4.6) + C ■ l V ^l ' \ VjH \ ■ \ VkR \ • l V ^l 

i+j+k=l 
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while 

d 

(4.7) tt\H\ 2 < A\H\ 2 - 2\VH\ 2 + C ■ |Rm| • \H\ 2 . 
dt 

Theorem 4.5. Suppose that (g(x,t), H(x,t)) is a solution to GRF on 
a compact manifold M n for a short time < t < T and Kx,K 2 are 
arbitrary given nonnegative constants. Then there exists a constant C n 
depending only on n such that if 

|Rm(a;,t)| g ( X)t ) < K u \H(x)\ g{x) < K 2 

for all x G M and t G [0, T], then 

(4.8) \H(x,t)\ g{x , t) <K 2 e c ^ 
for allxe M and t G [0,T]. 

Proof. Since 
d 

^-\H\ 2 < A\H\ 2 + C n \Rm\ ■ \H\ 2 < A\H\ 2 + C n K x \H\ 2 , 
at 

using maximum principle, we obtain u(t) < u(0)e CnKlt , u(t) := \H\ 2 . □ 

The main result in this section is the following estimates for higher 
derivatives of Riemann curvature tensors and 3-forms. Some special cases 
were proved in [8], [9], and [10]. 

Theorem 4.6. Suppose that (g(x,t), H(x,t)) is a solution to GRF on 
a compact manifold M n and K is an arbitrary given positive constant. 
Then for each a > and each integer m > 1 there exists a constant C m 
depending on m, n, max{a, 1} ; and K such that if 

\Rm(x,t)\ g ( Xt t) < K, \H(x)\g (x) < K 

for all x G M and t G [0, then 

(4.9) iV-^Rm^^)!^) + \V m H(x,t)\ g{x>t) < ^ 
for allxe M and t G (0, §]. 

Proof. In the following computations we always let C be any constants 
depending on n, ra,max{a, l},and K, which may take different values at 
different places. From the evolution equations and Theorem 4.5, we have 

a |Rm| 2 < A|Rm| 2 -2|VRm| 2 + C + C|V 2 #| + C|W/| 2 , 



dt 
dt 

) 

dt 



d 

'H\ 2 < A\H\ 2 -2\VH\ 2 + C, 

jl 

d 

-7r\VH\ 2 < A\VH\ 2 -2\V 2 H\ 2 + C\VRm\-\VH\ + C\VH\ 2 . 
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Consider the function u = t|ViJ| 2 + 7|iJ| 2 + t|Rm| 2 . Directly computing, 
we obtain 

d 

—u < Au-2t\V 2 H\ 2 + Ct\V 2 H\ + (C -2 7 )|W/| 2 + C + C 7 
at 

- 2t|VRm| 2 + Ct- |VRm| • \VH\ 

< Au + 2(C- 1 ) • \VH\ 2 + C(1 + 7). 

If we choose 7 = C, then j^u < Au + C which implies that u < C since 
u(0) < C. With this estimate we are able to bound the first covariant 
derivative of Rm and the second covariant derivative of H . In order to 
control the term |VRm| 2 , we should use the evolution equations of \H\ 2 , 
\VH\ 2 and \V 2 H\ 2 to cancel with the bad terms, i.e., |V 2 Rm| 2 , \V 2 H\ 2 , 
and |V 3 i7| 2 , in the evolution equation of |VRm| 2 : 



d C 

— iVRml 2 < A|VRm| 2 -2|V 2 Rm| 2 + C|VRm| 2 + — iVRml 

at t 1 ! 1 

+ C- |VRm| • |V 3 #| + -^\V 2 H\ • |VRm|, 

^-\V 2 H\ 2 < A\V 2 H\ 2 -2\V 3 H\ 2 + C-\V 2 Rm\-\V 2 H\ 
at 

+ ^|VRm| • \V 2 H\ + C\V 2 H\ 2 + j\V 2 H\. 

As above, we define 

u := t 2 (|V 2 #| 2 + |VRm| 2 ) + t[3(\VH\ 2 + |Rm| 2 ) + 7 |#| 2 , 



and therefore, || < Au + C. Motivated by cases for m — 1 and m = 2, 
for general m, we can define a function 



m— 1 

u := t m {\V m H\ 2 + |V m_1 Rm| 2 ) + VVffl 2 + |V i_1 Rm| 2 ) + 7 |#| 2 , 

i=i 

where $ and 7 are positive constants determined later. In the following, 
we always assume m > 3. Suppose 



|V <_1 Rm| + |V\ff| < i= 1,2,--- ,m- 1. 
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For such i, from Corollary 4.4, we have 
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— \V l H\ 2 < A|V*/if -2|V m #| 2 + C^|V j #| ■ |V i_3 'Rm| • |V*if| 



3=0 
i i-j 



+ c 1 vjH \ ■ \^~ j ~ lH \ ■ \v 1 h\ ■ i v*#i 

3=0 1=0 



< A\V l H\ 2 -2\V l+1 H\ 2 + C ■ iV^lJ^-f 



,t±tl 

3=0 t2 t 2 
3=0 1=0 U 1 2 U 

< A\W l H\ 2 - 2\W t+1 H\ 2 + -^IV^I + ^\V l H\. 

t 2 t2 

Similarly, from Corollary 4.2 we also have 

^.|V7«-lo™|2 / AIV7i-ll 

at 



V^Rm] 2 < A|V^ i Rm| 2 -2|V J Rm| i 

+ C Yl I viRm l • I V i_1_j Rm| • |V i_1 Rm| 

3=0 

i — 1 i— 1— j 

+ CJ2 Yl ' Vi// I ' l v *~ 1_j_ '#l • |V'Rm| • |V <-1 Rm| 

3=0 1=0 
i+1 

+ C \^ j H\ ■ \V i+1 ~ j H\ ■ | V i_1 Rm| 

3=0 

< A|V i " 1 Rm| 2 -2|V i Rm| 2 



+ C.IV'-'RmlE^'TS 

j-o 1 2 ' 2 

+ C|V-Rm|^^^.^^.^ 

i=o i=o f 2 t 2 

+ C7.|V J - 1 Rm|^^-^±^ + C-|V J+1 //|.^ 

< A|V i " 1 Rm| 2 -2|V i Rm| 2 

+ ^.iV^Rml + ^lV^I + ^lV^Rml. 

t 2 t2 ^2 
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The evolution inequality for u now is given by 

— < m* ro - 1 (|V ro if| 2 + iV^Rml 
at 

m—l 



+ Yl W'dV^I 2 + iV^'Rml 2 ) 



i=i 



— \V m H\ 2 + —\V m ~ 1 Rm\ 
at at 

i=i n ' 



It's easy to see that the second term is bounded by 

m— 1 „ m—l 



i=l i=l 

but this bound depends on £ and approaches to infinity when t goes to 
zero. Hence we use the last second term to control this bad term. The 
evolution inequality for the third term is the combination of the following 
two inequalities 

8 

— \V m H\ 2 < A|V m #f - 2|V m+1 #| 2 



dt 



+ |V*#| • |V m -'Rm| • \V m H\ 



i=0 

m m—i 



i=0 j=0 

< A\X7 m H\ 2 - 2\V m+1 H\ 2 

i=i * 3 * 2 
+ C • |V m Rm| • |V m #| + C|V m #| 2 

i=l j=0 t2 * 2 t2 

< A|V m //| 2 -2|V m+1 //| 2 + C|V m //| 2 
+ C ■ |V m Rm| • \V m H\ 

+ ^|V"\ff| + %|V m f/|, 



GENERALIZED RICCI FLOW I 17 

and 

l-lV^Rml 2 < A|V m_1 Rm| 2 - 2|V m Rm| 2 



dt 



m—l 



+ C I V^Rml • | V m ^Rm| • | V m_1 Rm| 



i=0 

m— 1 m—l—i 



i=0 j=0 

•iV^Rml • |V m_1 Rm| 

m+l 

+ C I • I V m+1_i #| • I V m-1 Rm| 

i=0 

< A|V m_1 Rm| 2 - 2|V m Rm| 2 

+ CX^-^lV^Rml+ClV^Rml 

i=i * 2 * 2 

+ CUE % ■ ^Sg ■ ffiv-'R-l 

/ ■( ,1 m+l-i I v I 

i=o t2 < 2 
+ C|V m #| • |Vff] • iV^'Rml 
+ C|V m+1 #| • |V m_1 Rm| 

< A|V m_1 Rm| 2 - 2|V m Rm| 2 

+ C|V m_1 Rm| 2 + ■ \V m H\ ■ |V m_1 Rm| 

+ C ■ \V m+l H\ ■ |V m-1 Rm| 

+ -%|V— ^ml + ^lV^Rml. 

t~^~ t 2 
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Therefore we have 

< mt m -\\V m H\ 2 +\V m ~ l Rm\ 2 ) 

m—l 



+ ^2ip i t i ~ 1 (\W i H\ 2 + iV^Rml 2 ) 
i=i 

+ t m [A\V m H\ 2 - 2\V m+1 H\ 2 + -SL\V m H\ + C\V m H\ 

V t 2 

+ C\ V m Rm| • \V rn H\ + A|V m_1 Riii| 2 

- 2|V m Rm| 2 + ^ r |V m - 1 Rm| + C|V m - 1 Rm| 2 

t 2 

+ -^\V m H\ • iV^-^ml + C\V m+l H\ • (V^Rm^ 

m-l , „ 

+ J] -^iV^^ml + A|V*#| 2 - 2\V l+1 H\ 2 

i=i V* 2 

+ AlV^Rml 2 + -^|V\H] + ^|V m #| - 2|V*Rm| 2 ) 

t 2 t2 / 

+ T (A|i^| 2 - 2|V^T| 2 + C) 

< Au - 2t m \V m+1 H\ 2 + Ct m \V m+1 H\ • iV^-^ml 

- 2t m |V m Rm| 2 + Ct m |V m Rm| • \V m H\ 



m-2 



+ ^(i + l)A +1 f(|V m F| 2 + iV^ml 2 ) 



i=0 
m—l 



- 2 A^(|V m //| 2 + iV^Rml 2 ) - 2 7 |Wf | 2 + 7 C 



i=l 

+ Ct m ^\V m H\ 2 + Ct m - 1 \V m - 1 Rm\ 2 
+ C^|V m //| +Ct I ^|V m - 1 Rm| 
+ Ct m -^\V m H\ ■ |V m-1 Rm| + Ct m \V m+l H\ ■ |V m_1 Rm| 

m— 1 m—l 

+ ^ ACi^|V i+1 ff| + ^ p i C i t L r(\V i H\ 2 + iV^Rml). 
i=i i=i 

Choosing 

(i + i)/? i+ i = A, A = T , *>o, 

where A is constant which is determined later, and noting that 

m—l m—l m—l 

J2PiCit i/2 \V i+1 H\ < ^AiiV i+1 ^| 2 + ^AC 2 , 
i=i i=i i=i 



< 



GENERALIZED RICCI FLOW I 19 

m— 1 

^ACi^dV^I + lV^Rml) 

i=i 

m-2 

ftCi(|Vif| + |Rm|) + ^ A +1 Q +1 ^(|V m tf| + |V*Rm|) 

i=l 



< /3id(|V//| + |Rm|) 
^ / gg^Hf f|V»Rm| 2 A +1 C m 

i=l V ft ft ^ 

< /?id(|V//| + |Rm|) 



m-2 



+ ^A^(|V m //| 2 + |V l Rm| 2 ) + ^ 



R 2 (I 2 



i=l i=l Ml 

It yields that 

^-w < Aw - 2t m | V m+1 #| 2 + Ct m \ V m+1 H\ • |V m_1 Rm| 



dt 



- 2t m |V m Rm| 2 + Ct m \V m H\ ■ |V m Rm| 

+ Ct™- 1 ^™^ 2 + Ct m - 1 \V m - 1 Rm\ 2 

+ Ct m ^\V m H\ ■ iV^Rml + (3 Q {\VH\ 2 + |Rm| 2 ) 



m— 1 



- ^ PA\ V i+1 H\ 2 + I V l Rm| 2 ) 

i=l 
m-2 

+ ^ Af(|V i+1 //| 2 + |V l Rm| 2 ) + -/3 m _ 1 t m - 1 |V m ff| 2 

i=l 

+ A CilV/fl -2 7 |V//| 2 + C + L"7 

< Aw + Cr^lV^Rmp + C^-^V^I 2 
+ Ct m -^(|v m /J| 2 + iV^'Rml 2 ) + A,|V#| 2 
+ p 1 C 1 \VH\-2 1 \VH\ 2 + C + C 1 

- ^Pm-it^^H] 2 - /3 m _ 1 r- 1 |V m Rm| 2 

< Aw + ^(Cv^ + C - /? m _i)t m - 1 (|V m - 1 Rm| 2 + \X7 m H\ 2 ) 
+ ((3 + {3 1 C 1 -2 1 )\VH\ 2 + C + C 1 + (3 1 C 1 . 

When we chose A and 7 sufficiently large, we obtain ^ < An + C which 
implies that u(t) < C since -u(O) is bounded. □ 

Finally we give an estimate which plays a crucial role in the next 
section. 
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Corollary 4.7. Let (g(x, t), H(x, t)) be a solution of the generalized Ricci 
flow on a compact manifold M. If there are (3 > and K > such that 

\Rm(x, t)\ g ( x fi < K, \H(x)\ g ( x ) < K 

for all x G M and t G [0,T] ; where T > j^, then there exists for each 
m G N a constant C m depending on m, n, min{/3, 1} ; and K such that 

|V" l - 1 Rm(x,t)| gM) + \V m H{x,t)\ g ^ t) < C m K m ' 2 
for allxeM and t G [™&&.,T\. 

Proof. The proof is the same as in [2], we just copy it here. Let f3\ : = 
min{/3, 1}. For any fixed point t G we set T := t — For 

t := t — T we let g(t) be the solution of the system 

g= = OgH, g(0)=g(T ), H(Q) = H(T ). 

The uniqueness of solution implies that g(t) = g(t + T ) = g(t) for 
t G [0, By the assumption we have 



\Rm(x,t)\g {XiI) < K, \H(x)\g (x) < K 
11 x G M and t G [0, 

have 



for all x G M and t G [0, ^]. Applying Theorem 4.5 with a — (3±, we 



|V 1 Rm(x,t)| 5(x j ) + |V //(x^)!^) < ^ 

for all x G M and I G (0,f]. We have T /2 > 0™/ 2 2~ m / 2 K~ m / 2 if 
te[^,|]. Taking t = §, we obtain 

iV^Rmfo*)) !,(*,«>) + |V m /J(x,t )| 9 (,, to ) < ^ 

for all x G M. Since t e [f,T] was arbitrary, the result follows. □ 

5. Compactness theorem 

In this section we prove the compactness theorem for our generalized 
Ricci flow. We follow Hamilton's method [4] on the compactness theorem 
for the usual Ricci flow. 



We review several definitions from [2, Chapter 3]. Throughout this 
section, all Riemannian manifolds are smooth manifolds with dimensions 
n. The covariant derivative with respect to a metric g will be denoted 
by *V. 
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Definition 5.1. Let K C M be a compact set and let {gfc}fc£N> 9oo, and g 
be Riemannian metrics on M. For p £ {0} UN we say that gu converges 
in C p to g^ uniformly on K with respect to g if for every e > 
there exists k = ko(e) > such that for k > k , 

(5.1) \\g k - goo\\cp;K, g ■= sup sup \ 9 V a {g k - goo){x)\ g < e. 

0<a<p xeK 

Since we consider a compact set, the choice of background metric g does 
no change the convergence. Hence we can choose g = g^ for practice. 

Definition 5.2. Suppose {Uk}kem is an exhaustion^ of a smooth manifold 
M by open sets and g k are Riemannian metrics on Uk- We say that 
(Uk,gk) converges in C°° to (M, g^) uniformly on compact sets in 

M if for any compact set K C M and any p > there exists ko = ko(K, p) 
such that {gk}k>k converges in C p to g^ uniformly on K. 

A pointed Riemannian manifold is a 3-tuple (M,g,0), where 
(M,g) is a Riemannian manifold and O G M is a basepoint. If the 
metric g is complete, the 3-tuple is called a complete pointed Rie- 
mannian manifold. We say that (M, g(t), H(t),0),t G (a,u), is a 
pointed solution to the generalized Ricci flow if (M, g(t), H(t)) is 
a solution to the generalized Ricci flow. 

The so-called Cheeger-Gromov convergence in C°° is defined by 

Definition 5.3. (Cheeger-Gromov convergence) A given sequence 
{(Mk,gk, Ok)} km of complete pointed Riemannian manifolds converges 
to a complete pointed Riemannian manifold {M^^g^, O^) if there exist 

(i) an exhaustion {Uk} k m of by open sets with Oqo G £4, 

(ii) a sequence of diffeomorphisms <34 : 3 Uk — > 14 := $fc(l4) C 
M fc with $ fc (Ooo) = O k 

such that (Z7fc, $%(9k\v k )) converges in C°° to (Moo,^) uniformly on 
compact sets in M^. 

The corresponding convergence for the generalized Ricci flow is similar 
to the convergence for the usual Ricci flow introduced by Hamilton[4]. 

Definition 5.4. A given sequence {(A4, #&(£), Hk(t), Ok)}ken of com- 
plete pointed solutions to the GRF converges to a complete pointed 
solution to the GRF (M^, g^t), H^t), Goo), t G (a, to) if there exist 

(i) an exhaustion {Uk}k£N of by open sets with Ooo G Uk, 

(ii) a sequence of diffeomorphisms <34 : 3 Uk — > 14 : = ^4(^4) C 
M fc with $ fc (Ooo) = O fe 



'If for any compact set K C M there exists fco G N such that Uk D K for all k > ko 
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such that (U k x (a, u), $>* k (g k (t)\ Vk ) + dt 2 , <Z>* k (H k (t)\ Vk )) converges in C°° 
to (Mqo x (os, uj),goo{t) + dt 2 , H 00(f)) uniformly on compact sets in x 
(a, to). Here we denote by dt 2 the standard metric on (a,uj). 

Let inj (O) be the injectivity radius of the metric g at the point O. 
The following compactness theorem due to Hamilton does not depend on 
any flow. 

Theorem 5.1. (Compactness for metrics (Hamilton, [4])) Let 

{(M k , g k , O k )} ke ^ be a sequence of complete pointed Riemannian man- 
ifolds satisfying 

(i) for all p > and k EN, there is a sequence of constants C p < 00 
independent of k such that 

\°*V p Rm(g k )\ gk < C p 

on M k , 

(ii) there exists some constant t > such that 

inj 9fc (O fc ) > t 

for all k G N. 

Then there exists a subsequence {j k } k ef>i such that {(Mj k , gj k ,Oj k )} ke fq 
converges to a complete pointed Riemannaian manifold (M^, g^, Ooo) as 
k — > 00. 

As a consequence of Hamilton's compactness for metrics, we state our 
compactness theorem for GRF 

Theorem 5.2. (Compactness for GRF) Let {(M k , g k (t), H k (t),O k )} ke ^ 
be a sequence of complete pointed solutions to GRF for t e [a,cu) 3 
such that 

(i) there is a constant C < 00 independent of k such that 

sup \Rm(g k (x,t))\ gk ( X;t ) < Co, sup \H k (x,a)\ gk{X;a ) < C , 

(x,t)eM k x(a,u) xeM k 

(ii) there exists a constant lq > satisfies 

in ig k (o)(°k) > to- 

Then there exists a subsequence {j k } k en such that 

(M jk ,g jk (t),H jk (t),O jk ) — . (Moo, g OQ (f) , H^f) , Ooo), 

converges to a complete pointed solution (M 00, g 00(f) ,H 00(f), O 00), t e 
[a, a;) to GRF as A; — > 00. 

In order to prove the main theorem in the section, we extend a lemma 
for Ricci flow to GRF. After establishing this lemma, the proof of Theo- 
rem 5.6 is similar as in [2, Theorem 3.10]. 
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Lemma 5.3. Let (M, g) be a Riemannian manifold with a background 
metric g, let K be a compact subset of M , and let (g k (x,t), H k (x,t)) be a 
collection of solutions to the generalized Ricci flow defined on neighbor- 
hoods of K x [/3,ip], where to £ IP^] ^ s a fixed time. Suppose that 

(i) the metrics g k (x,t ) are all uniformly equivalent to g(x) on K, 
i.e., for all V G T X M, k, and x G K , 

C- l g{x){V,V) < g k (x,t )(V,V) < Cg(x)(V, V), 

where C < oo is a constant independent of V, k, and x, 

(ii) the covariant derivatives of the metrics g k (x,t ) with respect to 
the metric g(x) are all uniformly bounded on K, i.e., for all k 
and p > 1, 

\ 9 V p g k (x,t )\ g(x) + \ g V p - l H k {xM)\ 9 {x) < C p 

where C p < oo is a sequence of constants independent of k, 

(iii) the covariant derivatives of the curvature tensors Rm(^(x,f)) 
and of the forms Hk(x,t) are uniformly bounded with respect to 
the metric gk(x,t) on K x \j3,i/)], i.e., for all k and p > 0, 

\^Rm(g k (x,t))\ 9k (*,t) + \ 9k V p H k (x,t)\ 9k{x , t) < C' p 
where C' p is a sequence of constants independent of k. 

Then the metrics g k (x,t) are uniformly equivalent to g(x) on K x [/?, ip], 
i.e., 

B(t,t Q )- l g(x){V,V) < g k (x,t)(V,V) < B(t,t )g(x)(V,V), 

where B(t,t ) = Ce c o^~ to ^ (Here the constant C' may not be equal to the 
previous one), and the time-derivatives and covariant derivatives of the 
metrics g k (x,t) with respect to the metric g(x) are uniformly bounded on 
K x [f3,ip], i.e., for each (p,q) there is a constant C Ptq independent of k 
such that 

d q . . 

+ 



—°V^H k (x,t) 



for all k. 



Proof. Before proving the lemma, we quote a fact from [2, Lemma 3.13, 
P133]: Suppose that the metrics gi and g 2 are equivalent, i.e., C~ l g\ < 
92 ^ Cg±. Then for any (p, g)-tensor T we have \T\ g2 < C^ p+q ^ 2 \T\ gi . We 
denote by h the tensor hij := g kp g lq H ik iHj pq . In the following we denote 
by C a constant depending only on n, j3, and ip which may take different 
values at different places. For any tangent vector V G T X M we have 

^g k (x, t)(V, V) = -2Rc(g k (x, t))(V, V) + ±h k (x, t)(V, V), 
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and therefore 
d 
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dt 



\ogg k (x,t)(V,V) 



-2Rc(g k (x, t))(V, V) + \h k {x, t)(V, V) 



g k (x,t)(V,V) 

< C' + C\H k (x,t)\ 2 gk{x!t) 

< C' + CC 2 :=C, 



since 



\Rc(g k (x,t))(V,V)\ < C' o9k (x,t)(y,V), 

\h k (x,t)(V,V)\ < C\H k (x,t)\l k{X;t)9k (x,t)(V,V). 

Integrating on both sides, we have 



C|*i-t | > 



to 



> 



0_ 

dt 




\ogg k (x,t)(V,V) 



\ogg k (t)(V,V)dt 



dt 



Us 



log 



dt 

g k {xMW,V) 



'g k (x,t )(V,V) 
and hence we conclude that 

e-^-^g k (x,t )(V,V) < g k {xM){V,V) < e^-^g k (x,t )(V,V). 
From the assumption (i), it immediately deduces from above that 

C - l e-c\^\g( x )(y,V) < g k {xM){V,V) < Ce^ tl ~ t °^g(x)(V, V). 

Since t\ was arbitrary, the first part is proved. From the definition(or 
refer [2], eq. (37), P134), we have 

{gkY c { 9 Va{g k ) b c + 9 V b {g k )ac - 9 V c ( 9k ) ab ) = 2( 9k ry ab - 2( 9 r) e ab . 

Thus \ 9k T(x,t) - 9 T(x)\ g{x) < C\ 9 V 9k (x,t)\ gk{x) . On the other hand, 

9 v a ( 9k ) bc = (g k U( 9k ry ac - ( 9 ry ac ] + ( 9k ) ec [( 9k ry ab - ( 9 ryj, 

it follows that \ 9 V 9k (x, t)\ gk{x ^ < C\ 9k T(x, t) - 9 T(x)\ gk ^ t) and therefore 
9 Vg k is equivalent to 9k T — 9 T = 9k V — S V. The evolution equation for 
9 T is 



d 

0? 



9k n ab 



= -(g k ) cd i( gk V) a (Rc(g k )) bd + ( 9k V) b (Rc( 9k )) ad 
- ( 9k V) d (Rc( 9k )) ab \ 

( 9k V) d (h k ) ab ] 



1 



- l(g k ) cd [( 9k V) a (h k ) bd + ( 9k V) b (h k ) ad 
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Since 9 T does not depend on t, it follows from the assumptions that 



< C|*V(Rc( 9t ))| M + C|»*V(fc 4 )| 



9& 



Integrating on both sides, 
C^i-tol > 



/;|(/r W -»r)* 



9fe 



I .'//,- 



r(*o)- 9 r| 9fc . 



Hence we obtain 

\ 9k T(t) - 9 T\ 9k < Cifa-tol + pTM-T^ 

< ^| tl _ to | + ^v^(t )L 

< C(|t-t | + C| 9 V^(t )| 3 

< C[\t-t \ +Ci. 

The equivalency of metrics tells us that 

l fl v<7 fe (*)| 9 < fl(Mo) 3/2 l ff v<7 fc (t)| Pfc < £(Mo) 3/2 -crr(*)-»r 
< s(t,t ) 3 /2(cj|t-t | + c"). 



Since |£ — 1 \ < ip — (3, it follows that | 9 V<7fc(£)| fl < Ci )0 for some constant 
Ci )0 . But <? and are equivalent, we have 

From the assumptions, we also have 



k\g 



< 



9 k 



W)H k + 9k WH, 



k\g 



< C\ 9 Vg k \ g -\H k \ g + C\ 9k VH k 

< CC 1 + CCifiCi : o := 6*2,0- 



9 k 



Moreover, 



9 V(A 9k H k + Rm(g k )*H k ) 

= ( 9 V- 9 *V)A gk H k + 9 *VA gk H k 
+ 9 VRm(g k ) * H k + Rm(g k ) * 9 VH k 

where A gk is the Laplace operator associated to g k . Hence 



If™' 



< C\ 9 Vg k \ g -\A 9k H k \ gk + C\ 9 *VA gk H k \ 

+ C\ 9 VRm(g k )\ g .\H k \ g + C\Rm(g k )\ g . 

< C 2 i. 



k\g 
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For higher derivatives we claim that 

(5.2) \ 9 V p Rc(g k )\ g < C;\^ p g k \ g + C';, \ 9 V p g k \ g + I^V" 1 ^ < C pfi , 

for all p > 1, where Cp,C' p ", and C Pi o are constants independent of k. 
For p = 1, we have prove the second inequality, so we suffice to prove the 
first one with p = 1. Indeed, 

| ff VRc(^)| 9 < C\( 9 V- 9k V)Rc(g k )+ 9k Rc(g k )\ gk 

< C\T- 9 *r\ g ■ \Rc(g k )\ 9k + C\^Rc(g k )\ 9k 

< c>;\°vg k \ g + e;>. 

Suppose the claim holds for all p < N (N > 2), we shall show that it 
also holds for p = N. From 



\ 9 V N Rc(g k ) 



N 



^-^V - 9k V) 9k V i_1 Rc(^) + 9k V N Rc{g k ) 



i=i 

N 



< ^V^^V - 9k V) 9k V i - 1 Rc( 5fe ) \ g + \ 9k V N Rc{g k ) 



i=i 



we estimate each term. For % — 1, by induction and assumptions we have 
\^ N ~\ 9 V - 9k V)Rc{g k )\ g 

< ci^v^ev^-Rc^))!, 



< c 



< 



< 



< 



N-l 

E 

JV-1 

C E 

3=0 
N-l 

«E 

j=0 
JV-1 

«E 

j=0 



TV — 1 
J 

iV- 1 
3 

N-l 

3 

N-l 

3 



sv^-tv^-^rcG^)) 

^-^^•I^Rc^)!, 



= C(N-l)(C%C jJ0 + C>')\ 9 V N g k \ 



N-l 



+ C E 



JV-1 



< C'^\ 9 V N g k \ g + C 
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For i > 2, we have 

< C\sV N - i (°Vg k -°>'V i - 1 Rc(g k ))\ g 



j=o V J / 

If j = 0, then 

rv^Rc^)!, < ct^v- 1 ^ + cf;, < ciA-i,o + c;u- 

Suppose in the following that j > 1. Hence 

= \(( 9 V - 9k V) + 9k V) j ■ 9k V l ~ 1 Rc(g k )\ g 

j 



< ^E W j^.o^i-W-i^i-W-LO + Cj'-i+i-i) ■ 



2=0 

Combining these inequalities, we get 

|^V 7V Rc(^)| 9 <^|^V%| 9 + ^. 

Similarly, we have 

\ 9 V N h k \ g <C'^\ 9 V N g k \ g + C'l 
Since ^g k = — 2Rc(g fc ) + \h k , it follows that 

^ 9 V N g k = 9 V N {-2Rc{g k )+ l -h k ) 



-\ g V N q k \ 2 n < 



at yk 



+ \ 9 V N g k \ 2 g 



< S\ 9 V N Rc(g k )\l + l\ 9 V N h k \l + \ 9 V N g k \ 2 g 

< (l + 18(C^ 2 )\ 9 V N g k \ 2 g + 18(C^) 2 . 

Integrating the above inequality, we get \ 9 Vg k \ g < Cn,o and therefore 
\ 9 V N h k \ g < Ctv+i.o- We have proved lemma for q = 0. When g > 1, then 

§- q 9 v p 9k (t) = 9^ P ^ (-2Rc(^(t)) + \h k {t)^ . 

Using the evolution equations for Rm(^(f)) and h k (t), combining the 



induction to q and using the above method, we have |f^- 9 V p (/fc(t)| s + 

..._JY7P-1 h. (+\\ <r- n 
\dti 



|£ 9 V^ fe (t)| fl < C M . □ 
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6. Generalization 

In this section, we generalize the main results in Sec. 4 and Sec. 5 
to a kind of generalized Ricci flow in which the local existence has been 
established [5]. 

Let (M, gij(x)) be an n-dimensional compact Riemannian manifold and 
let A = {Ai} and B = {Bij} denote a 1-form and 2-form respectively. 
Set F — dA and H = dB. The authors in [5] proved that there exists a 
constant T > such that the evolution equations 

d 1 

Qj.9ij( x >t) = -2Rij(x,t) + -hij(x,t) + 2f jk (x,t), g i:j (x,0) = g i:j (x), 
d _ 

— Ai(x,t) = -V fe F/(:M), Ai(x,0) = Ai(x), 



:Bij{x,t) = V k H k ij(x,t), Bij(x,0) = Bij(x) 



d_ 

di~ 

has a unique smooth solution on m x [0, T), where hij = H ik iHj kl and 
fij = F k Fj k . We also call it as a GRF. Given a p-form a on a manifold 
(M, g) we recall the definition of adjoint operator d* of d with respect to 
a metric g in terms of local coordinates: 

(6.1) (d*a) il ... ip _ 1 = -p jfc Vj-a Wl ... ip _ 1 . 
In particular, 

(6.2) (d*F) i = V k F k , {d*H) %J = -V k H k tJ 
and hence 

(6.3) ^F(x,t) = -dd* g(x , t) F = n g{x , t) F = AF + Rm * F, 

(6.4) ^H(x,t) = -dd* g{Xtt) H = D g(x , t) H = AH + Rm * H. 

They also derived the evolution equations of curvatures: 
d 

-Q^Rijki = ARijM + 2{Bijki — Bijik — Bujk + Bikji) 

g^\Rpjkl-Rqi RipklRqj ~\~ RijplRqk ~\~ RijkpRql) 

- VjVtiH^HW) + VjV k (H ipq HF)] 

+ -^Q^iHkpqH^Rijnl + H mpq Hi Pq Rij kn ) 

+ ViVi(F k p F jp ) - ViV^F/F,,,) 

- V j Vi(F k p F ip )+V j V k (F t J'F lp ) 

g (R\F RmpRijnl Rip Rijkn) ■ 
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Under our notation, it can be rewritten as 

d_ 

dt 



8 

— Rm = ARm+ ^ V i Rm*V i Rm+ ^ V*if * V j H 



i+j=0 i+j=0+2 

+ V*F*V J F + Y V*//* V j #* V fe Rm 

i+j=0+2 i+j+k=0 

+ V * F * ViF * V fc Rm. 

i+j+k=0 

As before, we have 

Proposition 6.1. For GRF and any nonnegative integer I we have 
d 

— V'Rm = A(V'Rm) + ^ viRm * viRm + Yl V ^ * V ^ 

i+j=l i+j=l+2 

+ Y V i F*V i F + * V j H * V fc Rm 

i+j=i+2 i+j+k=l 

+ V f F * V j F * V fe Rm. 

In particular, 
d_ 
dt 1 



iV'Rml 2 < A|V / Rm| 2 -2|V /+1 Rm| 2 

+ C - Y |V*Rm| • |V j Rm| • |V'Rm| 



i+j=i 

+ C- |V*#| • |V j #| • |V'Rm| 

i+j=l+2 

+ °- Yl IV^I • |V J F| • |V'Rm| 

i+j=l+2 

+ C ■ Y \ ViR \ ■ \ ViH \ ' |V fc Rm| • |V'Rm| 

i+j+k=i 

+ C ' Yl l V<F l ' ' ViF l ' l vfcRm l • |V z Rm|. 

i+j+k=i 

Since f F = AF + Rm * F it follows that 

_VF = V— F + F*V(Rm + H*H + F * F) 
dt dt 

= V(AF + Rm * F) + F * VRm 

+ F * H *VH + F * F *VF 

= A(VF) + VRm * F + Rm * VF 

+ F * H *VH + F * F *VF. 
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It can be expressed as 

■^-VF = A(VF) + V V*F * V^Rm 

at ^ 

i+j=i 

+ yiF * yiF * yfcF 

i+j+k=i 

1-1 l-i 

More generally, we can show that 
Proposition 6.2. For GRF and any positive integer I we have 
d 



dt 



Vf = a(v'f) + V * F * viRm 



i+j=l 



+ V*F*V J F*V fe F 

i+j+k=i 

l-l l-i 

+ J2J2^F* V j H* V ,-i " J '#. 



i=0 j=0 

In particular, 



dt 



|-|V Z F| 2 < A|V*F| 2 - 2|V m F| 2 + C- l V * F l ' |V J Rm| • \V l F\ 

i+j=i 

+ c • Yl i yiF i ■ ' viF i ■ i vfcjF i ■ i v ' f i 

l-l l-i 

+ (7 • ^ |V*F| • |V j #| • |V ,-i-J '#| • |V'F|. 

Similarly, we obtain 

Proposition 6.3. For GRF and any positive integer I we have 
8 

— V l H = A(V l H) + Y * viRm 

i+j=i 

+ V l H *V j H *V k H 

l-l l-i 

+ YY^H* V j F* V^" j F 

i=0 j=0 
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In particular, 
d 

— \VH\ 2 < A\VH\ 2 - 2\V +1 H\ 2 + C ■ V iV'iTl • |V j Rm| • \V l H\ 

dr i - i i i i ^ i ii ii i 

i+j=i 

l-l l-i 

+ C • ^ ^ IVVH] • |V J F| • IV'-^FI • \V l H\. 

i=0 j=0 

From the evolution inequalities 
d_ 



\H\ 2 


< 


&\H\ 2 


■\F\ 2 


< 


A|F| 2 



d_ 

the following theorem is obvious. 

Theorem 6.4. Suppose that (g(x,t), H(x,t), F(x,t)) is a solution to 
GRF on a compact manifold M n for a short time < t < T and 
Ki,K 2 ,K 3 are arbitrary given nonnegative constants. Then there exists 
a constant C n depending only on n such that if 

\Rm(x,t)\ g{Xjt) < K u \H(x)\ g(x) < K 2 , \F(x)\ g(x) < K 3 

for all x G M and t G [0, T], then 

(6.5) \H(x,t)\ g{Xtt) < K 2 e c ^\ \F(x,t)\ g{x , t) < K 3 e c " K ^ 
for all x E M and t G [0,T]. 

Parallelling to Theorem 4.6, we can prove 

Theorem 6.5. Suppose that (g(x,t), H(x,t), F(x,t)) is a solution to 
GRF on a compact manifold M n and K is an arbitrary given positive 
constant. Then for each a > and each integer m > 1 there exists a 
constant C m depending on m, n, maxja, 1} ; and K such that if 

\Rm(x,t)\ g(Xyt) < K, \H{x)\ g{x) < K, \F(x)\ g(x) < K 

for all x G M and t G [0, j^], then 

(6.6) iV^Rm^,*)!**,*) + \V m H(x,t)\ g{x , t) + \V m F(x,t)\ g(x , t) < 



t~ 



for all x E M and t G (0, f 



Proof. The proof is very similar to the proof of Theorem 4.6, but there 
exists cross terms involving |V*F| • |V J 'i/|. In order to see how it works, 
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we first prove the theorem for m = 1. It's easy to see that 
d 



dt 



Rm| 2 < A|Rm| - 2|VRm| + C 

+ C\V 2 H\ + C\VH\ 2 + C\V 2 F\ + C\VF\ 2 , 



dt 

d_ 
dt 

Setting 



^\H\ 2 < A\H\ 2 -2\VH\ 2 + C, 
d 

— \F\ 2 < A|F| 2 -2|V.F| 2 + C, 
at 

d \VF\ 2 < A|VF| 2 -2|V 2 F| 2 + C|VF| 2 



+ C|VRm| • |VF| +C\WH\ ■ |VF|, 
VH\ 2 < A\VH\ 2 -2\V 2 H\ 2 + C\VH\ 2 

+ C|VRm| • |V#| + C\VF\ • \VH\. 



u := t(\VH\ 2 + |VF| 2 + |Rm| 2 ) + (3\H\ 2 + 7 |F| 2 
we yield that 

^-u < Au-2t\W 2 H\ 2 + Ct\W 2 H\-2t\S7 2 F\ 2 + Ct\W 2 F\ 

+ (C -2p)\VH\ 2 + {C -2 7 )|VF| 2 

- 2t|VRm| 2 + Ct|VRm| • |V#| 

+ Ct\VF\ ■ \VH\ + Ct\ VRm| • |VF| + C + C(3 + C 7 

< Au + (C - 2P)\VH\ 2 + (C - 2 7 )|VF| 2 + C(l + /? + 7) 

- 2t|VRm| 2 + Ct|VRm| • |V#| 

+ C*|VF| • \VH\ + Ct|VRm| • |VF| 

< Au + (C - 2/3)|ViJ | 2 + (C - 2 7 )|VF| 2 + C(l + (3 + 7) 

- 2t|VR m | 2 + C7t(M + ^|V//| 2 ) 

(' 



+ Ct\VF\.\VH\ + Ct( l -^^ + ^\VF\ 2 



C 4 

< Au + 2(C - /?)|VFf + 2(C - 7 )|VF| 2 + C(l + p + 7). 

Choosing (3 = 7 = C, we get J^-w < An + C which implies that u < C 
since w(0) is bounded from above. The case m = 2 can be proved in the 
same way. In the following we assume that m > 3. We define a function 

u := t m (\V rn H\ 2 + \V m F\ 2 + \V m ~ 1 Rm\ 2 ) 

m—l 

+ ftf'flV'if | 2 + IV^I 2 + |V i_1 Rm| 2 ) + 7 |#| 2 + a|F| 2 



GENERALIZED RICCI FLOW I 

where 7, and a are positive constants determined later. Suppose 

I V i_1 Rm| + \V l H\ + |VVF| < ^, z = 1, 2, • • • , m - 1. 

£2 

We are going to prove the above inequality also holds for i — m. 
such i, we have 

^-IV^I 2 < A|V*#| 2 -2|V m #| 2 

dr 1 1 1 

3=0 u 1 2 

j=0 z=o * 5 t 2 t5 

C 

< A|V l ff| 2 -2|V* +1 #| 2 + ^r|V l #|. 

t 2 



Similarly, we have 



— |V*F| 2 < A|V*F| 2 - 2|V m F| 2 - -§ 



From Proposition 6.1 we obtain 

d_ 

dt 



ci 'V i-1 Rm| 2 < A|V <-1 Rm| 2 -2|V < Rin| :; 



+ ^iV^Rml + ^lV^I + ^lV^Fl. 

t 2 t-i t2 

The evolution inequality for u is 

^ < mr- 1 (|V m i/| 2 + |V m F| 2 + iV^Rml 2 ) 
at 

m— 1 

+ ^ ipit* ^flV'if | 2 + |V*F| 2 + (V^Rm) 2 ) 
i=i 

— |V m Ff + — |V m F| 2 + — iV^Rml 
at at at 

+ X>* (||V^| 2 + ||V*F| 2 + |l V^Rnf) 

i=l ^ / 

+ 7 . s | ff |» + „_|F|'. 
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The third term is given by 
d_ 

Of 



|-|V m #| 2 < &\V m H\ 2 -2\V m+l H\ 2 + C\V m H\ 



+ C ■ |V m Rm| ■ \V m H\ + C ■ \V m F\ ■ \V m H\ 
t~ t 2 

8 

— |V m F| 2 < A|V m F| 2 - 2|V m+1 F| 2 + C|V m F| 2 
dt 

+ C ■ |V m Rm| • |V m F| + C ■ \V m H\ ■ \V m F\ 

Crr^, m , Cm, m . 
T m+ i V 1 \ ~ ,tn \ V J- , 

■^-iV^-^ml 2 < A|V m - 1 Rm| 2 -2|V m Rm| 2 + C|V m - 1 Rm| 2 
at 

+ -^\V m H\ ■ iV^^ml + -^|V m F| • iV^Rml 

+ C ■ \V m+1 H\ ■ iV^Rml + C ■ |V m+1 F| ■ iV^^ml 

+ ^rrlV^Rml + ^lV^Rml. 
t— f* 

By the same computation as in Theorem 4.6, there exists a constant C 

such that f| < Aw + C and therefore u(t) < C. □ 

We can also establish the corresponding compactness theorem for this 
kind of generalized Ricci flow. We omit the detail since the proof is closed 
to the proof in Sec. 5. In the forthcoming paper, we will consider the 
BBS estimates for complete noncompact Riemmanian manifolds. 
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